Suppose that E −2p and E p and E −2pq are elliptic curves y 2 = x 3 − 2px, y 2 = x 3 + px, y 2 = x 3 − 2pqx where p is an odd prime and p and q are different odd primes respectively then, we consider ranks of these elliptic curves.
Introduction
In [2] , the authors treated that rank of E : y 2 = x 3 − nx is rankE(Q) ≥ 3 where n > 17 is a positive integer of the form (i)n = (u 2 +2v 2 ) 4 +(u 2 −2v 2 ) 4 or (ii)n = (u 2 +2uv−v 2 ) 4 +(u 2 −2uv−v 2 ) 4 with positive coprime integers u and v. Here, the condition of (i)n = (u 2 +2v 2 ) 4 +(u 2 −2v 2 ) 4 is began from Spearman's result in [6] . In addition, they showed that if a positive integer n > 17 is given as (i)n = (u 4 − 2v 4 ) 4 + (2u 3 v) 4 or (ii)n = (u 4 − 8v 4 ) 4 + (8uv 3 ) 4 where u, v are positive coprime integers with odd u then, rankE(Q) ≥ 4( [2] ). In [3] , the authors considered the maximal rank of elliptic curve y 2 = x 3 +pqx where p and q are distinct odd primes and in [4] , the authors treated rank of elliptic curve y 2 = x 3 + px where prime p is such that p ≡ 13, 15(mod 16). In [7] , Spearman treat rank of congruence number elliptic curve E n : y 2 = x(x 2 − n 2 ). In this paper, we will compute ranks of elliptic curves y 2 = x 3 − 2px, y 2 = x 3 + px, y 2 = x 3 − 2pqx according to the condition of prime p and different odd primes p and q respectively.
To start with, we consider several notations in [5] .
Assume that E is an elliptic curve y 2 = x 3 + ax 2 + bx and Γ is the set of rational points on E. Then, Γ is a finitely generated abelian group from M ordell s Theorem. And by structure theorem, Γ is isomorphic to E tors (Q) ⊕ Z r where E tors (Q) is a torsion subgroup and r is M ordell-W eil rank of an elliptic curve. In addition, Q × is the set of nonzero rational numbers and it is a multiplicative group and Q ×2 is a subgroup of squares of elements of Q × . Suppose that α is a homomorphism α :
. Set E as the curve y 2 = x(x 2 − 2ax + a 2 − 4b) and assume that Γ is the set of rational points on E. Suppose that α is a homomorphism α :
Furthermore, we must treat some equations
Here we call these equations as relating equations for Γ and Γ respectively. holds and r denotes the rank of E.
Rank
In this section, we calculate ranks of elliptic curves E −2p :
by the method in [5] . In the followings, we denote rank(E −2p (Q)), rank(E p (Q)), rank(E −2pq (Q)) as the ranks of elliptic curves E −2p and E p and E −2pq respectively. Theorem 2.1 (1). Suppose that E −2p is an elliptic curve y 2 = x 3 − 2px where p is a prime of the form p ≡ 3(mod 16) and p = u 8 + 18u 4 v 4 + 64v 8 with integers u, v and (u, v) = 1 then, we conclude that rank(E −2p (Q)) = 1.
(2). Set E −2p is an elliptic curve y 2 = x 3 − 2px that prime p is such that p ≡ 11(mod 16) and p = u 8 + 6u 4 v 4 + 4v 8 with integers u, v and (u, v) = 1 then, the result rank(E −2p (Q)) = 1 is induced.
(3).
Suppose that E p is an elliptic curve y 2 = x 3 + px where p is a prime of the form p = u 8 + 12u 4 v 4 + 16v 8 with integers u, v and (u, v) = 1 and p ≡ 13(mod 16) then, we get that rank(E p (Q)) = 1.
(4). Assume that E −2pq is an elliptic curve y 2 = x 3 − 2pqx which satisfies that p and q are different odd primes of the form p ≡ 3(mod 16) and q ≡ 7(mod 16) and p = 30t 2 + 11 and q = 60t 2 + 23 with integer t then, we say that rank(E −2pq (Q)) = 1.
Proof. (1).
Assume that E −2p is an elliptic curve y 2 = x 3 − 2px where p is an odd prime of the form p ≡ 3(mod 16) and p = u 8 + 18u 4 v 4 + 64v 8 with integers u and v and (u, v) = 1. Let p be an integer 16k + 3 with integer k then, there are 4 relating equations for Γ as 1)
) and these were treated already in previous section from P = O(O: infinity point) and P = (0, 0). Hence we can omit to mention about solvability of 1).
Relating equations 2) and 3) cannot take a solution since using p in reducing these equations leaves 2)N 2 ≡ −M 4 (mod p) and 3)N 2 ≡ 2M 4 (mod p) but at the same time the value of (
) and (
) are both −1 and these facts cannot exist together with the previous results in each case.
In the next step, relating equation 4) can be rewritten as 
8 . Because this is a square of polynomial u 4 +8v 4 , we conclude that N = u 4 +8v 4 . Henceforth, the solution of relating equation 4) is gotten as (uv, 1, u 4 + 8v 4 ). Therefore, there induced the result #α(Γ) = 4. Now from E −2p , the curve E −2p is y 2 = x 3 + 8px and thus there are several relating equations for Γ as follows:
The values α(P ) in equation 1) are α(P ) = 1, 8(16k+3) ≡ 1, 2(16k+3)(mod Q ×2 ), but it were defined already in the previous and thus it doesn't matter that we omit to treat the solvability of 1).
Reducing 2) and 3) by 4 induces 2)0 ≡ N 2 = 2M 4 + 4(16k + 3)e 4 ≡ 2M 4 ≡ 2(mod 4) and 3)0 ≡ N 2 ≡ 2(16k + 3)e 4 ≡ 6e 4 ≡ 2e 4 ≡ 2(mod 4) respectively. Since right and left hand sides are unmatched in this calculation, there cannot exist a solution in these two equations.
Using 4 in reducing equation 4) then, we face that 1 ≡ N 2 ≡ 3e 4 ≡ 3(mod 4). Because both sides don't match in this result, no solution exist.
Henceforth, we get the conclusion that #α(Γ) = 2 and thus from 2 r = 4·2 4 = 2, we conclude that rank(E −2p (Q)) = 1.
(2). Suppose that E −2p is an elliptic curve y 2 = x 3 − 2px where p is an odd prime of the form p ≡ 11(mod 16) and p = u 8 + 6u 4 v 4 + 4v 8 with integers u and v and (u, v) = 1. Set p = 16k + 11 with integer k then, we meet some relating equations for Γ as follows:
The values α(P ) in 1) are α(P ) = 1, −2(16k + 11)(mod Q ×2 ). These were already defined in the previous section, hence it is possible to omit to check the solvability of 1).
Two relating equations 2) and 3) cannot possess a solution since reducing these by p leaves to 2)N 2 ≡ −M 4 (mod p) and 3)N 2 ≡ 2M 4 (mod p) respectively. The values of (
) are both −1 and so taking a solution is also impossible in both 2) and 3).
Next, relating equation 4) is
For finding a solution, we must consider the coefficient(of u 4 v 4 ) which is a part of u 8 + 6u 4 v 4 + 4v 8 . This is because there are u 8 and 4v 8 as a part of coefficient of e 4 and these are squares of u 4 and 2v 4 respectively and thus for being a square of polynomial of u and v, considering the coefficient of u 4 v 4 is the only thing to do. Now after choosing the integers M and e, we will get the value 6u 4 v 4 e 4 and the result of computation with −2M 4 must be proper for a component of polynomial for u and v. Hence, deciding the values M , e is important thing. Here we select those as uv and 1 respectively then, induced thing is −2u 4 For that reason, we face that #α(Γ) = 4.
Now from the curve E −2p , E −2p is given as y 2 = x 3 + 8(16k + 11)x and so there exist several relating equations for Γ as follows:
The values α(P ) in relating equation 1) are α(P ) = 1, 8(16k + 11) ≡ 1, 2(16k + 11)(mod Q ×2 ). These were already defined in the previous section and so it doesn't matter that we omit to investigate the solvability of 1).
In relating equations from 2) to 4), there is no solution because using 4 in reducing these three equations leaves 2)0 ≡ N 2 ≡ 2M 4 ≡ 2(mod 4) and 3)0 ≡ N 2 ≡ 22e 4 ≡ 2e 4 ≡ 2(mod 4) and 4)1 ≡ N 2 ≡ 11e 4 ≡ 3e 4 ≡ 3(mod 4) respectively and both right and left hand sides do not match in these relations, thus there happens a contradiction in each case.
Consequently, we arrive at the result #α(Γ) = 2 and from 2 r = 4·2 4 we say that rank(E −2p (Q)) = 1. Henceforth we face that #α(Γ) = 4 and thus we say that rank(E p (Q)) = 1 from 2 r = 2·4 4 = 2. (4). Put E −2pq as an elliptic curve y 2 = x 3 −2pqx where p and q are different odd primes such that p ≡ 3(mod 16) and q ≡ 7(mod 16) and p = 30t 2 + 11 and q = 60t 2 + 23 with integer t. Put p = 16k + 3 and q = 16k + 7 with integers k and k then, there exist several relating equations for Γ as follows: 
